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Abstract 

We show how the supersymmetric KdV equation can be obtained from the self-duahty 
condition on Yang-MiUs fields in four dimension associated with the graded Lie algebra 
0Sp(2/l). We also obtain the hierarchy of Susy KdV equations from such a condition. 
We formulate the Susy KdV hierarchy as a vanishing curvature condition associated with 
the U(l) group and show how an Abelian self-duality condition in four dimension can also 
lead to these equations. 
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I. Introduction: 



It is by now known that most of the bosonic integrable equations [1-2] in 1 + 1 and 
2 + 1 dimensions can be obtained from a self-duahty condition on Yang-Mills fields in 
higher dimensions belonging to the Lie algebra SL(2,R) [3-6]. In a recent paper, we 
showed [7] how this method can be generalized to obtain the entire hierarchy of the KdV 
equations along with the appropriate recursion relation from a self-duality condition in 
four dimension. The extension of these studies to fermionic integrable systems has not yet 
been carried out. The main difficulties are as follows. Fermionic integrable systems can be 
either supersymmetric or nonsupersymmetric. Furthermore, even for the supersymmetric 
ones, a zero curvature formulation in superspace does not yet exist. The question of 
self-duality is, therefore, rather a tricky one. 

Instead, the fermionic integrable systems such as the s-KdV [8] or the Susy KdV [9] 
equations are known to result from a zero curvature formulation associated with the graded 
Lie algebra 0Sp(2/l) [10]. In this letter, we study the self-duality condition associated 
with Yang-Mills fields belonging to the graded Lie algebra 0Sp(2/l) in four dimensions 
and show how the Susy KdV equation as well as the hierarchy of these equations can 
be obtained from these conditions. Unfortunately, we have not been able to derive the 
s-KdV equation from these self-duality conditions. We also show how the hierarchy of 
Susy KdV equations can be obtained from the vanishing curvature of an Abelian gauge 
superfield. This, in turn, shows that the hierarchy of equations can also be obtained from 
a self-duality condition on an Abelian gauge superfield in four dimensions. 

II. Self— duality and the Susy KdV Equation ; 

The supersymmetric KdV equation in 1 + 1 dimension involves two dynamical vari- 
ables, [8-10] u{x, t) and (f){x, t) where u{x, t) is a bosonic variable while (/){x^ t) is fermionic. 
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The system of equations have the form 

du 1 



dt 
'dt 



3 . 
2 ' 



d^u + SudxU + - dl4><l> 
\dlct>+\d,{u4>) 



(1) 



where dx = -§^- These equations are invariant under the global supersymmetry transfor- 
mations 

5u = edx(j) 

(2) 

Scf) = eu 

where e is a constant anticommuting parameter (Grassmann parameter). The Susy KdV 
equations (Eq. (1)) are known to be integrable and can be obtained from a zero curvature 
condition associated with the graded Lie algebra of 0Sp(2/l). Thus identifying 

■0 -u 
Ax{x,t) = I 1 
,0 -i(f) 0/ 



/ — I dxU — i d'^u — u'^ — h d. 
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(3) 



we note that the vanishing curvature condition 



dtAx-dxAt + [At,Ax] =0 



or, 
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(4) 



gives Eq. (1) or the Susy KdV equation. 

We can now follow the standard formulation [5-6] of the self-duality condition in a 
four dimensional space with (2,2) signature. By appropriately choosing the null direction, 
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(5) 



we can write the self-duality condition as 

[P,S] = 

d^{Q-P) + [Q,P] = [H,B] 
where the four dimensional Yang-Mills potentials, Q, P and B are assumed to be 
matrices belonging to 0Sp(2/l) and depending only on the coordinates x and t. It is easy 
to check that the matrices 
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satisfy the self-duality condition of Eq. (5) and give rise to the Susy KdV equation. 

We would like to point out that the form of the self-duality condition in Eq. (5) is 
not suitable to obtain the hierarchy of Susy KdV equations as also is true in the bosonic 
case [7]. We have also not been able to obtain the s-KdV equation [8], which is not 
super symmetric, from the self-duality condition of Eq. (5). 

III. Self— duality and the Susy KdV Hierarchy ; 

To obtain the hierarchy of Susy KdV equations, we follow the method in ref. 7. 
Thus, we identify the coordinates of the four dimensional space with (2,2) signature as 
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= t, = X, x'^ = i and x^ = x. If we choose 



^0123 _ 1 _ ^ 

e — i — €0123 



then the self-duahty condition takes the form 



^M- = I ^u.^'Fxp /X, i/, A, p = 0, 1, 2, 3 



where the field strength, in general for a matrix potential, is defined to be 

Writing out explicitly the self-duality condition in Eq. (8), we obtain 

Fqi = —F23 

or, doAi - diAo + [Ao, Ai] = -(^2.43 - ^3.42 + [A2, A3]) 

F02 = —Fis 

or, doA2 - 82 Ao + [Ao, A2] = -(diA^ - d^Ai + [Ai, A3]) 

-^03 = —F12 

or, ^0^3 - ^3^0 + [Ao, As] = -(diA2 - 82 Ai + [^1,^2]) 

If we now assume the gauge potentials to be independent of the coordinates {x 
and identify 

A2 = A3 

then the self-duality conditions reduce to 

doAi-diAo + [Ao,Ai]^0 
{do + di)A2 + [Ao + AuA2]=0 



Note that if we choose the potentials to be matrices belonging to 0Sp(2/l) and identify 

(0 -u i(p\ 
1 
-icf) / 



(-\d^C -\ die - uC + \ G(l) -^d^G + iC(j)\ 



(16) 



then Eq. (14) gives 



C 



i d^G - iC(f) 



G 



— ^-{dl + 2{d,u + ud,))C - - d,G<j> - - Gd,4> 

% = -\dlG-\uG + \ a,C0 + Cd,<t> 

This is the supersymmetric nth order KdV equation where 

^ 5H„ 



(17) 



(18) 



5u{x^ t) 

with Hn the nth conserved charge of the KdV equation and G can be obtained from the 
supersymmetric variation of C. The coupled equations in Eq. (17) are invariant under the 
global supersymmetry transformations 

5u = edx(t> 
5(f) = eu 
5C = -eG 



(19) 



5G = -ed^C 

With the choice of and Ai in Eq. (16), we can now solve Eq. (15), at least formally, as 
^2(x+,x-) = ^3(^c+,a;-) = e-r^'^^'^^+(^'^'^"U2(0,x-)er^''^"^^+^^"^'^"^ (20) 



where we have defined 



= X ±t 
A+ = Ao + Ax 
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(21) 



and ^2(0,3:") is any 0Sp(2/l) matrix depending only on the coordinate x~ . This, there- 
fore, shows how the hierarchy of Susy KdV equations can be obtained from the self-duahty 
condition on Yang-MiUs potentials in four dimensions belonging to the graded Lie algebra 
0Sp(2/l). 

IV. Zero Curvature Formulation Associated with U(l) : 

As we have seen, the hierarchy of supersymmetric KdV equations have the form 

(9?/ 1 SI 

— = - (a^ + 2{d,u + ud,))C - - d,Gcf> - - Gd,4> 

at z II ^22) 

where C and G represent appropriate bosonic and fermionic functionals of the dynamical 
variables u{x^t) and (j){x,t). This system, as we noted, is supersymmetric as well as 
integrable. Therefore, there exist an infinite number of conserved charges associated with 
this system. Of particular interest are the supersymmetry charge defined to be 

Q = J dx (t){x, t) (23) 

and the lowest order bosonic conserved charge 

Ho = J dx u{x, t) (24) 

This charge in Eq. (24) can, in fact, be identified with Q'^ up to a multiplicative constant. 
From the fact that these charges are conserved, it follows that 



dt J dt 

du dK 



Namely, the right hand sides of Eq. (22) can be identified with total derivatives as 
811 8K ^ S 1 

dt dx 2 2 2 ^ 

It is straightforward to show that for these equations to be invariant under the supersym- 
metry transformations of Eq. (19), we must have 

5K = edxip 

(28) 

(5V' = eK 

Let us now define a simple superspace parameterized by the coordinates (x, 6) where 
9 is the Grassmann coordinate. On this space, we can define the supersymmetric charge 
operator as 

d d 

and would generate the translations 

6^9 = t 

(30) 

5^x = e9 



On this space, we can define two fermionic superfields as U(l) gauge potentials of the form 

Aa:{x,9) = (t) + 9u 

(31) 

At{x,9) = ij + 9K 

This guarantees the appropriate transformations of the variables under supersymmetry as 
given in Eqs. (19) and (28). The associated U(l) field strength, in this case, will be a 
superfield of the form 

Ft, = dtA,{x,9)-d,At{x,9) 

(32) 

= (dtcj) - d^i/j) + 9{dtu - d^K) 
Consequently, the vanishing of the U(l) curvature superfield, in the present case, gives 
back the supersymmetric KdV hierarchy equations as in Eq. (27). 



We would like to point out here that we have studied the vanishing field strength on 
the supermanifold as well. However, unlike the case of the BRS transformations, which 
can be obtained from a vanishing curvature on a supermanifold, here such a condition runs 
into inconsistencies. Furthermore, we would like to note that for the s-KdV equations [8] 
which are not supersymmetric, there is no analogue of the fermionic charge of Eq. (23). 
Correspondingly, the fermionic equation of the s-KdV equation cannot be written as 

dtcp = (33) 

where ip is a, local functional of the dynamical variables. Consequently, an Abelian zero 
curvature formulation does not exist for the s-KdV equation in terms of local potentials. 

Given the zero curvature formulation based on the group U(l), the derivation of the 
Susy KdV hierarchy follows in a straightforward manner from the self-duality conditions 
of Eqs. (13-15). In this case, if we choose the potentials to be Abelian superfields, then 
the equations take the form 

doAi - diAo = 

(34) 

{do + di)A2^0 

If we identify 

Ai{x,9) = Aa;{x,9) = (f) + 0u 

Ao{x,e) = At{x,e) = i^ + eK (35) 

A2{x, 6) = A3{x, 9) = A2{t- X, 9) = arbitrary 
then the self-duality conditions of Eq. (34) are automatically satisfied and lead to the 

hierarchy of Susy KdV equations. 
V. Conclusion ; 

We have derived the Susy KdV equation as well as the hierarchy of such equations from 
the self-duality conditions on Yang-Mills potentials belonging to the graded Lie algebra 
0Sp(2/l) in four dimensions. We have shown how the hierarchy of Susy KdV equations 
can be formulated as a zero curvature associated with the U(l) group and have generalized 
the self-duality construction to this case as well. 
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